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By using nonequilibrium Green’s functions and the equation of motion method, we formulate a
self-consistent field theory for the electron transport through a single molecular junction (SMJ) cou-
pled with a vibrational mode. We show that the nonequilibrium dynamics of the phonons in strong
electron-phonon coupling regime can be taken into account appropriately in this self-consistent per-
turbation theory, and the self-energy of phonons is connected with the current fluctuations in the
molecular junction. We calculate the finite-frequency nonsymmetrized noise spectra and the ac
conductance, which reveal a wealth of inelastic electron tunneling characteristics on the absorp-
tion and emission properties of this SMJ. In the presence of a finite bias voltage and the electron
tunneling current, the vibration mode of the molecular junction is heated and driven to an unequi-
librated state. The influences of unequilibrated phonons on the current and the noise spectra are
investigated.
PACS numbers: 72.70.+m, 72.10.Di, 73.63.-b
I. INTRODUCTION
The study of electron transport through single-
molecule junctions (SMJs) have attracted great research
interest in recent years.1,2 One of the prominent features
of molecular junctions is the essential role played by the
vibrational degrees of freedom (phonons or vibrons).3–6
The coupling between the tunneling electron and the
phonons in SMJs gives rise to a variety of interesting
phenomena, e.g., a strong current suppression at low
bias voltage termed Franck-Condon blockade in experi-
ments on the suspended carbon nanotube quantum dots,4
side peaks of differential conductance due to the inelas-
tic tunneling of electron accompanied with the emission
or absorption of vibrons,5 and the ubiquitous appear-
ance of negative differential conductance in the measured
current-voltage characteristics.6
The theory of electron tunneling through a junction
with vibrational modes was pioneered by Glazman et
al.
7 and Wingreen et al.’s works,8 in which analytical
results for transmission probability are obtained based
on single particle approximation. In the last decade, a
number of different methods and approximations are uti-
lized to address this problem.9–13 In the high tempera-
ture case, the sequential tunneling of electron through
the SMJ and also the cotunneling effects were investi-
gated within the rate equation approach,11,14 and giant
Fano factors due to the avalanche-like transport of elec-
trons was predicted in nonlinear transport regime.14 In
the low temperature and the weak electron-phonon in-
teraction (EPI) case, interesting phonon effects on the
current-voltage and the shot noise characteristics of this
system were predicted within perturbation theory using
the nonequilibrium Green’s function (GF) method.15–18
The study of the strong coupling regime at low temper-
ature is a more challenge problem. Based on a polaron
transformation of the Hamiltonian, Galperin et al.19,20
proposed a self-consistent perturbation theory to treat
the strong coupling regime by using the equation of mo-
tion method of the nonequilibrium GF. Ha¨rtle et al.21 ex-
tended this method to the treatment of the systems with
the several vibrational modes, and studied the nonequi-
librium vibrational effects and also the quantum inter-
ference effects on the I-V characteristics. Recently, the
full counting statistics of currents and the zero frequency
shot noise of SMJs in the strong EPI region were also
addressed.22,23
In addition to the dc characteristics, the ac response
and finite-frequency noise properties24 of SMJ are also
important for their potential applications in future quan-
tum devices. Recent experiments have addressed the dy-
namical properties for semiconductor quantum dots in
the high frequency regime.25,26 With the rapid progresses
in the field of molecular electronics, one can expect that
the ac response properties in SMJ can be probed by ex-
periments in the near future. However, the ac proper-
ties of SMJs or quantum dots coupled with vibrational
mode were only addressed in a few theoretical works27,28
in the weak coupling regime. To a large extent, the ac
properties and transient dynamics29,30 of SMJ are not
extensively investigated and still remains elusive.
In this paper, we will present the results of our investi-
gation on the finite-frequency current noise spectra and
ac conductance of the SMJ system within the nonequi-
librium GF formalism.31 A self-consistent perturbation
theory for calculations of the current and the current fluc-
tuations in the strong EPI regime is formulated. By using
the equation of motion approach, we first show that the
previous self-consistent field theory19,20can be improved
by noticing the fact that the self-energy of the phonons
in the SMJ is determined by the current fluctuations in
this system. Then, we derive an analytical expression
for the nonsymmetrized noise spectra32by applying func-
tional derivatives to the current formula. Consequently,
2the ac conductance can be obtained from the nonsym-
metrized noise spectra by using the out of equilibrium
fluctuation-dissipation theorem.33 In our numerical cal-
culation, we find pronounced phonon effects on the ab-
sorption and emission spectra in the source and drain side
leads and also on the ac conductance. By taking into ac-
count the phonon self-energy and relaxation effect, the
effects of phonon heating11,34,35 are considered when the
SMJ is driven to nonequilibrium state by a large bias volt-
age. We show that the unequilibrated phonons lead to
a general suppression of the current and also smears out
some inelastic tunneling features on the I-V curve and
the nonsymmetrized noise spectra. But negative con-
tributions to the zero frequency shot noise by inelastic
tunneling processes are obvious at intermediate values of
EPI strength.
The organization of the paper is as follows: In Sec.
II, the model Hamiltonian and the generic current for-
mula are given for the system in the presence of external
time-dependent measuring fields. In Sec. III, we derive
the self-consistent equations for the nonequilibrium GFs
of phonon and electron. In Sec IV, we give analytical
expressions for the current-current correlation functions
and also the ac conductance. In Sec. V, some numerical
calculations on the current noise spectra and ac conduc-
tance are presented. Section VI is devoted to the con-
cluding remarks.
II. MODEL
We consider a molecular quantum dot which has only
one energy level (with energy ǫd) involved in the elec-
tron tunneling process, and is also coupled to a single
vibrational mode (phonon) of the molecular having the
frequency ω0, with the EPI strength gep. The electron
can tunnel between the molecular quantum dot and the
left and the right electron leads. Hence, this system will
be described by the Anderson-Holstein model:
H =
∑
kη
ǫkηc
†
kηckη + ǫdd
†d+ ω0a
†a+ gepd
†d(a† + a)
+
∑
kη
[
γηe
iλη(t)c†kηdσ +H.c.
]
, (1)
where η = L,R denotes the left and right leads, and λη(t)
is an external gauge potential (measuring field) coupled
to the tunnel current from the lead η to the molecular
junction. We will show in the context that the measur-
ing field λη(t) provides a convenient tool
36,37 for calcu-
lating various correlation functions of currents within the
Schwinger-Keldysh formulation. It should be noted that
we neglect the on-site Coulomb interaction in the molecu-
lar QD and consider a spinless electron model. Applying
a canonical transformation
H˜ = eSHe−S , (2)
with S = gd†d(a† − a) and the dimensionless parameter
g = gep/ω0. The transformed Hamiltonian becomes
H˜ =
∑
kη
ǫkηc
†
kηckη + ǫ˜dd
†d+ ω0a
†a
+
∑
kη
[
γηe
iλη(t)c†kηdX + γ
∗
ηe
−iλη(t)X†d†ckη
]
, (3)
with the phonon shift operator X = eg(a−a
†), X† =
e−g(a−a
†) and the renormalized energy level ǫ˜d = ǫd −
g2ep/ω
2
0 . In the transformed Hamiltonian, the direct cou-
pling between the electron and the phonon is eliminated,
but the dot-lead tunneling amplitude is modified by the
phonon shift operator X , which is responsible for the
observation of the Frank-Condon steps in the current-
voltage characteristics of this SMJ.
The electric current from the lead η to the molecular
dot Iη(t) = −e〈
dNη
dt 〉, is given by
Iη(t) =
ie
h¯
∑
k
[
γηe
iλη(t)〈c†kηdX〉 − γ
∗
ηe
−iλη(t)〈X†d†ckη〉
]
.
(4)
It is convenient to introduce the composite operators of
electron: d˜ ≡ dX and d˜† ≡ X†d†, and the corresponding
contour-ordered GF: G˜d(t, t
′) = −i〈Tcd˜(t)d˜
†(t′)〉. Then
by equation of motion method, one can express the cur-
rent as a integration on the closed-time contour over the
combination of the GFs of the composite operator and
the lead’s operators as follows
Iη(t) =
e
h¯
∑
k
|γη|
2
∫
dt1
[
eiφη(t,t1)G˜d(t, t1)gkη(t1, t)
−e−iφη(t,t1)gkη(t, t1)G˜d(t1, t)
]
, (5)
with the phase factor φη(t, t1) = λη(t)− λη(t1), and
G˜d(t, t
′) = −i〈Tcd(t)X(t)X
†(t′)d†(t′)〉 , (6)
gkη(t, t
′) being the bare GF of the lead.
III. SELF-CONSISTENT PERTURBATION
THEORY
In this section, a self-consistent perturbation procedure
for studying the out of equilibrium phonon and electron
dynamics in this SMJ is outlined, which is based on the
previous self-consistent perturbation theory suggested by
Galperin et al.,19,20 but we find that the calculations on
the phonon dynamics can be improved as shown in the
following.
First, we will derive a generic relation between the
phonon dynamics and the current fluctuations in this sys-
tem. To study the phonon dynamics, one introduce the
phonon momentum operator and phonon displacement
operator
Pa = −i(a− a
†), Qa = a+ a
† , (7)
3and also the contour-ordered GF
DPa(t, t
′) = −i〈TcPa(t)Pa(t
′)〉 . (8)
To obtain the self-consistent equation for the phonon
GF DPa , one can first derive the equation of motion in
the Heisenberg picture for the phonon momentum and
displacement operators Pa and Qa, respectively as
i
∂Pa(t)
∂t
= −iω0Qa(t) , (9)
i
∂Qa(t)
∂t
= iω0Pa(t) + 2ig
∑
η
jη(t) , (10)
where the particle current operator
jη(t) =
i
h¯
∑
k
[
γηe
iλη(t)c†kηdX − γ
∗
ηe
−iλη(t)X†d†ckη
]
,
(11)
which differs from the charge current operator only by
the electron charge constant (Iη = ejη).
Then, introduce a differential operator
D
(0)−1
Pa
= −
1
2ω0
[
∂2
∂t2
+ ω20
]
, (12)
and apply it to the GF DPa in Eq. (8). It gives rise to
D
(0)−1
Pa
DPa(t, t
′) = δ(t, t′)− ig
∑
η
〈Tcjη(t)Pa(t
′)〉 . (13)
Next, applying the operator D
(0)−1
Pa
again to the above
equation from the right (with respect to the time variable
t′), we can obtain the equation of motion for DPa as
follows
D
(0)−1
Pa
DPa(t, t
′)D
(0)−1
Pa
= δ(t, t′)D
(0)−1
Pa
−ig2
∑
ηη′
Spηη′(t, t
′) , (14)
where Spηη′(t, t
′) = 〈Tcδjη(t)δjη(t
′)〉, is the particle cur-
rent correlation functions between the leads η and η′. It
should be noted that here we have restricted our consid-
eration to the steady state, and used the current conser-
vation condition for a steady state,
∑
η〈jη(t)〉 = 0. The
above differential equation can be rewritten as an integral
equation
DPa(t, t
′) = D
(0)
Pa
(t, t′)
+
∫
dt1dt2D
(0)
Pa
(t, t1)Π(t1, t2)D
(0)
Pa
(t2, t
′) , (15)
with the self-energy term given by
Π(t1, t2) = −ig
2
∑
ηη′
Spηη′(t, t
′)
= −ig2
∑
ηη′
〈Tcδjη(t1)δjη′ (t2)〉 . (16)
As in Refs. [19,21], we will make an approximation to
replace the bare GFD
(0)
Pa
(t2, t
′) in right hand of the above
integral equation by the full phonon GF DPa(t2, t
′), then
it gives the closed form of the Dyson equation for the
phonon GF.
DPa(t, t
′) = D
(0)
Pa
(t, t′)
+
∫
dt1dt2D
(0)
Pa
(t, t1)Π(t1, t2)DPa(t2, t
′) . (17)
The above equation indicates that the self-energy for
the GF of the phonon momentum operator is generated
from the current fluctuations through the molecular junc-
tion. If one can express Spηη′ in terms of the phonon GF
DPa and the electron GF Gc, then a self-consistent proce-
dure of calculation can be fulfilled. We will discuss how
to obtain analytical expression of Spηη′ in the next sec-
tion. It should be noted that the self-energy term in Eq.
(16) has contributions not only from current correlations
in the same leads but also from cross current correlations
between the left and the right leads.
It is interesting to observe that the retarded(or ad-
vanced) and lesser(or greater) GFs of current operators
are directly related to that of the phonon momentum
operator in this system, for instance
DrPa(ω) = D
(0),r
Pa
(ω) +D
(0),r
Pa
(ω)Πr(ω)DrPa(ω) , (18)
D<Pa(ω) = D
r
Pa(ω)Π
<(ω)DaPa(ω) , (19)
Therefore, in an out of equilibrium steady state, we can
study the damping effect and also the occupation num-
ber of phonons by studying the emission and absorption
parts of current noise spectra in leads. This reflects the
coupling and the energy flow balance in the dynamics of
electron and phonon degrees of freedom in this nonequi-
librium system.
using the usual non-crossing approximation, one can
decouple the electron and phonon dynamics
G˜d(t, t
′) ≈ Gc(t, t
′)K(t, t′) , (20)
where
Gc(t, t
′) = −i〈Tcd(t)d
†(t′)〉 , (21)
K(t, t′) = 〈TcX(t)X
†(t′)〉 . (22)
This decoupling is similar to the Born-Oppenheimer adi-
abatic approximation in the study of electron-nuclear
dynamics of molecular system. One can understand
that the motion of electron are influenced by the time-
dependent fluctuations of potential generated by the
phonon mode in the molecule, then the correlation func-
tion K will account for the correlations of this kind of
4potential at different time. Then the correlation func-
tion K will be expressed in terms of the phonon GF by
using the second order cumulant expansion19
K(t, t′) = exp{−g2[〈P 2a 〉 − iDPa(t, t
′)]} . (23)
Based on the transformed Hamiltonian of Eq. (3), we
apply the equation of motion method and also the de-
coupling approximation in Eq. (20), it is straightforward
to see that the electron GF Gc(t, t
′) satisfies the non-
equilibrium Dyson equation
(i
∂
∂t
− ǫ˜d)Gc(t, t
′) = δ(t, t′) +
∫
dt1Σc(t, t1)Gc(t1, t
′)
(24)
with the self-energy
Σc(t, t
′) =
∑
kη
|γη|
2gkη(t, t
′)K(t′, t)e−iφη(t,t
′) . (25)
We introduce a quantity
Σ(0)η (t, t
′) = Σ¯(0)η (t, t
′)e−iφη(t,t
′) , (26)
with Σ¯
(0)
η (t, t′) =
∑
k |γη|
2gkη(t, t
′), then the the expres-
sion for the self-energy can be written as
Σc(t, t
′) =
∑
η
Σ(0)η (t, t
′)K(t′, t) . (27)
This kind of notations can simplify our formal derivation
of current and current fluctuation formula in the next
section. One sees that once the correlation function K is
calculated, it will be straightforward to obtain the self-
energy Σc and the electron GF Gc.
IV. CURRENT FLUCTUATION AND THE AC
CONDUCTANCE
In this section, we will derive analytical expressions
for the current fluctuations and ac conductance in this
molecular junction in the framework of self-consistent
perturbation theory. By using the definition of self-
energy Σ
(0)
η in Eq. (26), it is easy to observe that the
current from the lead η to the molecule given by Eq.(5)
can be rewritten as
Iη(t) =
e
h¯
∫
dt1
[
G˜d(t, t1)Σ
(0)
η (t1, t)− Σ
(0)
η (t, t1)G˜d(t1, t)
]
.
(28)
Using the operational rules given by Langreth for con-
tour integration,31,38 one can show that this formula is
equivalent to the current formula obtained by Jauho et
al. for electron transport through a quantum dot,39 ex-
cept for the quantum dot GF G˜d here is for the composite
operator.
The current formula Eq. (28) can be simply expressed
as
Iη(t) = −i
e
h¯
∫
dt1dt2G˜d(t1, t2)Γ
(0)
η (t2, t1; t) , (29)
where we introduce the bare current vertex func-
tion Γ
(0)
η (t2, t1; t) given by a functional derivative of
Σ
(0)
η (t2, t1) with respect to λη(t)
Γ(0)η (t2, t1; t) =
δΣ
(0)
η (t2, t1)
δλη(t)
= i [δ(t1, t)− δ(t2, t)] Σ
(0)
η (t2, t1) . (30)
Using the decoupling approximation in Eq. (20), we can
rewrite the current formula as
Iη(t) = −i
e
h¯
∫
dt1dt2Gc(t1, t2)K(t1, t2)Γ
(0)
η (t2, t1; t) ,
(31)
Making comparison the above current formula with that
of the non-interacting resonant tunneling model, one
can find that the current formula for resonant tunneling
model is quite similar to the above equation but without
the presence of the correlation function K(t1, t2). We
may interpret the effects of the vibration mode on the
electric tunneling in this system is represented by the
renormalization of the current vertex function and also
the induced self-energy in the GF Gc.
Now, we are ready to calculate the current-current cor-
relation functions on the closed-time contour. We find
that these correlation functions can be obtained by func-
tional derivative of Iη(t) with respect to λη′ (t
′)
Sηη′(t, t
′) ≡ 〈TcδIη(t)δIη′ (t
′)〉 = ie
δIη(t)
δλη′(t′)
. (32)
By using the following identity: δGc(t1,t2)δλ
η′ (t
′) =∫
dt3dt4Gc(t1, t3)
δΣc(t3,t4)
δλ
η′ (t
′) Gc(t4, t2), and making the ap-
proximation δK(t1,t2)δλ
η′ (t
′) ≈ 0, which corresponds to neglect-
ing the influence of the external measuring potential λη′
on the phonon dynamics, it is straightforward to obtain a
generic expression for the current correlation function37
Sηη′(t, t
′) =
e2
h¯
δηη′
[
Gc(t, t
′)K(t, t′)Σ(0)η (t
′, t) + Σ(0)η (t, t
′)K(t′, t)Gc(t
′, t)
]
+
e2
h¯
∫
dt1dt2dt3dt4
[
Gc(t1, t2)Γ
(0)
η′ (t2, t3; t
′)K(t3, t2)Gc(t3, t4)K(t1, t4)Γ
(0)
η (t4, t1; t)
]
. (33)
5The particle current correlation function Spηη′ , which appears in the self-energy of phonon GF in the last section, is
given by the relation Spηη′ = Sηη′/e
2.
By using Eq. (27) and denoting the self-energy term Ση(t, t
′) = Σ
(0)
η (t, t′)K(t′, t), we can write the the current
correlation function more explicitly as
Sηη′ (t, t
′) =
e2
h¯
δηη′ [Gc(t, t
′)Ση(t
′, t) + Ση(t, t
′)Gc(t
′, t)]
+
e2
h¯
∫
dt1dt2 [−Gc(t, t1)Ση′ (t1, t
′)Gc(t
′, t2)Ση(t2, t)− Ση(t, t1)Gc(t1, t
′)Ση′(t
′, t2)Gc(t2, t)
+Gc(t, t
′)Ση′(t
′, t1)Gc(t1, t2)Ση(t2, t) + Ση(t, t1)Gc(t1, t2)Ση′(t2, t
′)Gc(t
′, t)] . (34)
Among various current correlation functions, the correlation function for current noise is of particular interest, since
the frequency-dependent noise spectrum of current contains the intrinsic dynamics information of this quantum dot
system. In a steady state without external time-dependent potential, the current fluctuations can be characterized by
the nonsymmetrized noise spectra S>ηη′(ω) and S
<
ηη′(ω), which are given by the Fourier transform of the correlation
function of current operators: S>ηη′(t, t
′) ≡ 〈δIη(t)δIη′ (t
′)〉 and S<ηη′(t, t
′) ≡ 〈δIη′(t
′)δIη(t)〉, respectively. Therefore,
we have
S>ηη′(ω) =
∫
dteiω(t−t
′)〈δIη(t)δIη′ (t
′)〉 , (35)
and the symmetry relation S<ηη′(ω) = S
>
η′η(−ω). It should be noticed that the positive frequency part of S
>
ηη′(ω)
contains the information about the photon emission spectrum of this system and the negative frequency part corre-
sponds to the absorption spectrum. In many theoretical works, a symmetrized correlation function for current noise,
S˜ηη′(t, t
′) ≡ S>ηη′(t, t
′) +S<ηη′(t, t
′), are investigated. It is noted that the symmetrized noise power is given by the sum
of two nonsymmetrized noise spectra: S˜ηη′(ω) = S
>
ηη′(ω) +S
<
ηη′(ω). In recent experiments based on on-chip quantum
detectors,32 it was shown that the nonsymmetrized noise spectra such as the absorption and emission parts of noise
are more easy to be measured, hence we will concentre our investigation on the nonsymmetrized noise spectra of this
system in this work.
The S>ηη′(t, t
′) is obtained straightforwardly from Eq.(34) by using Langreth’s analytical continuation rules.38 In
the absence of external ac potential, we can transform it to the frequency space, and express it in terms of the Green’s
functions of molecular quantum dot explicitly as
S>ηη′(ω) =
e2
h¯
∫
dω1
2π
{
δηη′
[
G>c (ω1 + ω)Σ¯
<
η (ω1) + Σ¯
>
η (ω1 + ω)G
<
c (ω1)
]
− [GcΣ¯η′ ]
>(ω1 + ω)[GcΣ¯η]
<(ω1)
−[Σ¯ηGc]
>(ω1 + ω)[Σ¯η′Gc]
<(ω1) +G
>
c (ω1 + ω)[Σ¯η′GcΣ¯η]
<(ω1) + [Σ¯ηGcΣ¯η′ ]
>(ω1 + ω)G
<
c (ω1)
}
, (36)
where the self-energy term Σ¯η(ω) is the Fourier transform of Σ¯η(t, t
′) = Σ¯
(0)
η (t, t′)K(t′, t). It should be pointed out
that here the notation for various products of GFs and self-energy terms is the same as that in Ref.20, but the above
current noise formula is different, since the self-energy term Σ¯η(t, t
′) here is dressed by the phonon correlation function
K, not the bare one induced solely by the hybridization between the leads and the dot.
The ac response properties of SMJ can be probed by
measuring the change of the current in the lead η with re-
spect to an applied ac potential in the lead η′, which can
be characterized by the ac conductance response function
Gηη′ (t, t
′) = −iθ(t− t′)〈[Iη(t), eNη′(t
′)] . (37)
Differentiating with respect to the time variable t′ gives
∂t′Gηη′(t, t
′) = iδ(t− t′)Cηη′ − χIηIη′ (t, t
′) , (38)
where the current-current response function
χIηIη′ (t, t
′) = −iθ(t− t′)〈[Iη(t), Iη′ (t
′)]〉 , (39)
and the constant Cηη′ = e〈[Iη(t), Nη′(t)]〉. In the fre-
quency space Eq. (38) can be written as
Gηη′ (ω) =
1
iω
[
Cηη′ −
∫ ∞
−∞
dω1
2π
[S>ηη′ (ω1)− S
<
ηη′(ω1)]
ω − ω1 + i0+
]
.
(40)
Here the real constant Cηη′ can be calculated as
Cηη′ = −i
e2
h¯
δηη′
∫
dω1
2π
{
Σ¯<η (ω1)[G
r
c(ω1) +G
a
c (ω1)]
+G<c (ω1)[Σ¯
r
η(ω1) + Σ¯
a
η(ω1)]
}
. (41)
6Therefore, the real part of ac conductance is given by
ReGηη′(ω) =
1
2ω
[S>ηη′ (ω)− S
<
ηη′(ω)] . (42)
The above equation corresponds exactly to the out-of
equilibrium fluctuation-dissipation theorem given in Ref.
33. Hence, we can obtain the real part of ac conductance
directly from the nonsymmetrized noise spectra.
V. RESULTS AND DISCUSSION
Now, we will carry out the numerical calculation of the
current and the finite-frequency noise spectra through
the SMJ by using the analytical expressions presented
in the above section. For simplicity, we consider the sys-
tem with symmetric tunneling coupling to the leads, with
ΓL = ΓR = 0.1ω0, Γ = (ΓL+ΓR)/2, and assume the bias
voltage is applied symmetrically, µL/R = EF ± eV/2.
Therefore, we can only consider the positive bias volt-
age case eV ≥ 0. In the following calculation, we will
take the phonon frequency ω0 = 1 as the unit of en-
ergy and the Fermi levels of the leads at equilibrium,
µL = µR = EF = 0, as the reference of energy.
A. equilibrated and undamped phonon case
For better understanding of the phonon effects on the
electron transport in this molecular junction system, we
first present the results by assuming the phonons in equi-
librium and using the bare phonon GFs. It can describe
the systems with extremely strong energy dissipation of
the vibration mode to a thermal bath, e.g., a substrate
or a backgate. Therefore, the oscillator restores to its
equilibrium state very quickly and can be described by
an equilibrium Bose distribution nB = (e
ω0/T − 1)−1 at
temperature T . The phonon shift operator GF K(t, t′)
will be replaced by its equilibrium correlation function,23
K(t, t′) =
(
e−φ(−|τ |) e−φ(τ)
e−φ(−τ) e−φ(|τ |)
)
, (43)
where φ(τ) is defined as (τ = t− t′)
φ(τ) = g2
[
nB(1− e
−iω0τ ) + (nB + 1)(1− e
iω0τ )
]
.
(44)
It is noted that in this approximation, the electron can
emit or absorb phonons during the tunneling processes,
but back-action of electron tunneling on the phonon dis-
tribution is neglected, except for the shift of the equilib-
rium position of the quantum oscillator.
We plot the current-voltage characteristics for differ-
ent values of electron-phonon coupling strength in Fig.1.
A prominent feature shown in Fig.1 (a) and (b) is the
Frank-Condon blockade effect as manifested by the dras-
tic suppression of the current with increasing the value
of electron-phonon coupling constant. Therefore, for the
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FIG. 1: (Colour online) The current I vs the applied bias
voltage V at zero temperature. The dot levels are (a) ǫ˜d = 0.0,
(b) ǫ˜d = 1.5ω0, respectively. The current curves for different
values of EPI strength: g = 0.0 (red line), 0.5 (green line),
1.0 (blue line), 1.5 (cyan line), 2.0 (magenta line), are plotted.
The other parameters used for the calculation are taken as:
ΓL = ΓR = 0.1ω0, and the chemical potential µL = −µR =
eV/2.
SMJ with strong electron-phonon coupling, the electron
transport is effectively blocked at low bias voltage, which
was predicted by Koch et al.14 based on the rate equation
approach and demonstrated unambiguously in recent ex-
periment on suspended carbon nanotube quantum dots.4
Another interesting feature is the plateau structure of the
I-V curves in the nonlinear transport regime, which is at-
tributed to the inelastic tunneling current: when the bias
voltage is greater than the phonon energy, the inelastic
tunneling channel with excitations of vibrational modes
is opening, which leads to the upward steps of the to-
tal current. By making comparison between Fig.1 (a)
and (b), one also observes that the current is greatly af-
fected by the position of the energy level participated in
electron tunneling processes. For the energy level turned
away from the Fermi level as shown in Fig.1 (b), the mag-
nitude of current is significantly reduced in the low bias
voltage regime.
Next, we study the current fluctuation properties in
this SMJ. In the equilibrium case without bias voltage,
the averaged tunneling current between the left and right
leads is zero. However, the current fluctuations in the
system still exist and can be detected by measuring the
noise spectra. This noise spectra contain the information
of the intrinsic dynamics of this system. In Fig.2 nonsym-
metrized noise spectra of the left lead is illustrated. Since
the noise power in the zero frequency limit corresponds
to the well-known Johnson-Nyquist noise, S = 4kBTG,
where G is the linear conductance and T is the temper-
ature, in the zero temperature case, the noise power at
7zero frequency should be zero as indicated in the figure.
It is also noted that for the nonsymmetrized noise spec-
tra have nonzero values only in the positive-frequency
parts, which correspond to the absorption noise spectra,
at zero temperature and in equilibrium state. At finite
frequency, pronounced phonon effects on the noise power
density are observed for the system with strong electron-
phonon coupling, as indicated by the rapid increasing of
noise power density at the frequency of integer multi-
ples of the phonon frequency ω0. In the high frequency
limit, it is noted that the noise power density approach
a constant value of e2Γ/h¯ even for the systems with dif-
ferent coupling constant g. In the equilibrium case and
for the system with symmetric tunneling couplings, the
noise spectrum in the right lead is equal to that of the
left lead, therefore we only consider the noise spectra in
the left lead here.
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FIG. 2: (Colour online) The nonsymmetrized noise spectra
for the left lead in the equilibrium case at zero temperature.
The dot levels are (a) ǫ˜d = 0.0, (b) ǫ˜d = 1.5ω0, respectively.
The noise spectra at different values of the EPI strength g =
0.0(red line), 0.5(green line), 1.0(blue line), 1.5(cyan line),
2.0(magenta line) are plotted. The other parameters used for
calculation are taken as: ΓL = ΓR = 0.1ω0, and the chemical
potential µL = µR = 0.0.
For the system with finite bias voltage, the noise pow-
ers in the left and the right leads would be different. In
Fig.3 (a) and (b) the nonsymmetrized noise spectra for
the left and right lead at different bias voltages are plot-
ted, respectively. Here we assume the renormalized dot
level ǫ˜d = 1.5ω0. In the low bias voltage region, the
absorption noise power densities at positive frequency
shown in Fig. 3(a) have consecutive steps at the fre-
quencies which enable new inelastic electron tunneling
channels. The jump of noise power density at consecutive
steps decreases in magnitude, which might be related to
the Frank-Condon factor. We note that with the increas-
ing of the bias voltage, the noise power in the left leads
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FIG. 3: (Colour online) The nonsymmetrized noise spectra
for the left and the right leads in the nonequilibrium case at
different bias voltages. The energy level ǫ˜d = 1.5ω0 and the
electron-phonon coupling constant g = 1.0. The remaining
parameters are the same as those in Fig. 1.
shifts to the low frequency part, and it can be interpreted
as a result of increasing of the chemical potential µL in
the left lead. When the chemical potential µL is above
the dot level ǫ˜d, nonzero noise power appears in the neg-
ative frequency regime, which can be attributed to some
photon emission processes during the electron tunneling
from the left lead to the molecular dot. More interesting
features of noise spectra are observed in the right lead
side in Fig. 3(b) (the low chemical potential side). With
increasing the bias voltage, the absorption noise power
density merely shifts to the high frequency part at first.
The reason is that in the low bias voltage regime, the bias
potential is not large enough to induce significant elec-
tron tunneling through the SMJ, because the dot level
ǫ˜d is well above the Fermi levels. As soon as there is
bias induced electron tunneling (∆µ ≥ 3ω0), significant
noise powers are observed in the negative frequency and
the low frequency parts as shown in Fig. 3(b). We be-
lieve that the negative frequency part of noise power is
resulted from the processes of energy dissipation of the
tunneling electron to the drain electrode. It is interesting
to notice that evident signatures of phonon effect can be
found in this negative frequency part of noise spectra. A
dip structure of the noise power at zero frequency is also
revealed. Therefore, one may expect that measuring the
noise power in the drain side can give rich information
about the intrinsic dynamics of this system.
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FIG. 4: (Colour online) The real
part of the ac conductance of the
left lead in the equilibrium case. (a)
ǫ˜d = 0 and (b) ǫ˜d = 1.5ω0. The ac
conductance in the right lead is the
same as that of the left lead.
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FIG. 5: (Colour online) The real part of ac conductance in
the out of equilibrium case at different bias voltages. (a)
and (b) correspond to the left and right leads, respectively.
The renormalized dot level ǫ˜d = 1.5ω0 and the EPI strength
g = 1.0.
The ac conductance is calculated from the nonsym-
metrized noise spectra by using the nonequilibrium
fluctuation-dissipation relation Eq. (42). In Fig. 4 we
show the ac conductance in the linear response regime
of system in the equilibrium case and at different val-
ues of EPI strength g. When the dot level ǫ˜d is located
exactly at the Fermi level of the leads, a peak of ac con-
ductance is found in the low frequency region as shown in
Fig. 4(a), and a unitary value of conductance is achieved
in the zero frequency limit. The frequency dependence
of ac conductance show pronounced phonon sidebands
with sudden jumps of the conductance, which can be at-
tributed to the phonon induced logarithmic singularities
in the real part of electronic self-energy and also the step
structure in the imaginary part.23,40 The ac conductance
decreases as GLL(ω) ∼ 1/ω in the high frequency region.
For the system with the dot level located above the Fermi
level as shown in Fig. 4(b), the maximum of the ac con-
ductance is obtained at the frequency of finite value, and
the conductance in the low frequency regime is greatly
suppressed. With increasing the coupling constant g, the
magnitude of the ac conductance is reduced in general,
whereas the phonon effect gives rise to pronounced oscil-
lating behavior in the line shape of the ac conductance.
Therefore, it will be an effective way to study the phonon
effects in experiments by measuring the ac conductance
of this SMJ systems.
For the system with finite bias voltage, the linear re-
sponses to ac potential in the left and the right leads
are plotted in Fig.5 (a) and (b), respectively, and they
show distinct features. By increasing the bias voltage,
the low frequency part of the ac conductance in the left
lead increases significantly, and as the Fermi level in the
left lead approaches to the dot level ǫ˜d, a Drude peak
of conductance at zero frequency is found in similar to
a metallic state. On the contrary, the spectrum power
of the ac conductance in the right lead is shifted to the
high frequency as the bias voltage increases. The low
frequency ac conductance is small at low bias voltage,
and becomes significant when the phonons take part in
the electron tunneling processes in the large bias situa-
tion. The phonon effect is manifested in the oscillation
behavior of the ac conductances both in the left and right
leads.
9B. unequilibrated phonon with self-energy
For the system with the vibrational degrees of freedom
being well isolated from the environment, the energy dis-
sipation of the phonons is mainly through its coupling
with the leads and the tunneling electrons, therefore, the
lifetime of phonons can be long enough to be driven to
an unequilibrated state. In this case, the equilibrium and
bare phonon approximation might be invalid as soon as
the SMJ is biased by a finite voltage and in the out of
equilibrium case. The phonons in the molecular junc-
tion can be significantly heated, and they may greatly
influence the current-voltage characteristics and the noise
spectra of this system.
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FIG. 6: (Colour online) (a) and (b) correspond to the current
I and phonon occupation number nph as functions of the bias
voltage, respectively, in the EPI strength g = 0.5 and 1.0
cases. The black solid and green dashed line in panel (a) are
the current curves in the bare phonon case. (c) and (d) give
the real and imaginary parts of the phonon GF. The dressed
phonon GFs at bias voltages ∆µ = 0.0 (blue dashed line),
2.0 (green dash-dotted line), 4.0 (wine short-dashed line) in
units of ω0 are plotted and compared with the bare phonon
GF (red solid line). Here the dot level ǫ˜d = 1.5ω0 and the
coupling constant g = 1.0.
By solving the self-consistent equations, we obtain the
current I and phonon occupation number nph vs. the
bias voltage as shown in Fig. 6(a) and (b), respectively.
In Fig. 6 (a) the currents obtained by taking into ac-
count the phonon damping effect are also compared with
that of the bare phonon approximation. One sees that
in weak electron-phonon coupling (g = 0.5) case, the
self-consistent result for the current only has small de-
viations from the bare phonon result. With increasing
the coupling constant to g = 1.0, significant suppres-
sion of the tunneling current by unequilibrated phonon
is observed in the high bias voltage region, and the cur-
rent stepwise induced by inelastic tunneling with phonon
excitations are also smeared. The occupation number
nph can be obtained from the lesser GF of phonon:
nph = [i
∫
dω
2piD
<
Pa
(ω)−1]/2. In the bare phonon approxi-
mation and at zero temperature, nph always remains zero
for the system with different bias voltages. After tak-
ing into account the phonon self-energy, the phonons on
the vibration mode is driven to the out of equilibrium
and the occupation number nph increases with the bias
voltage as shown in Fig. 6 (b). For the strong electron-
phonon coupling case, the phonon number nph increases
more drastically than the weak coupling case. Therefore,
the vibration mode of the SMJ is significantly heated by
the applied bias between the source and drain.
In order to describe the nonequilibrium effect on vibra-
tion mode quantitatively, we plot the real and imaginary
parts of the phonon GF at different bias in Fig. 6 (c)
and (d), respectively. It is noted that the real part of
phonon GF is an even function of the frequency and the
imaginary part is an odd one, therefore only the positive
frequency part is shown here. We take the coupling con-
stant g = 1.0. There are two distinct features for the
self-consistent results of the phonon GF compared with
the bare phonon case: (i) the phonon frequency is soft-
ened to the low frequency region compared with the bare
phonon frequency ω0, indicating a strong renormalization
effect of phonon GF; (ii) with increasing the chemical po-
tential difference ∆µ between the leads, the peaks for the
imaginary part of GF are broadened as a result of the in-
creased damping effect of vibrational mode in the out of
equilibrium case.
0 2 4 6 8
0.0
0.1
0.2
0.3
0.4
0.5
 
 
S
0
 (
e
/
)
eV/ 0
(a)
0 2 4 6 8
0.5
1.0
1.5
 g=0.2
     0.5
     1.0
(b)
  
F
a
n
o
 f
a
ct
o
r 
F
 
eV/ 0
FIG. 7: (Colour online) The zero frequency shot noise S0 and
the corresponding Fano factor F vs. the bias voltage V . Here
the energy level ǫ˜d = 1.5ω0.
An important quantity for characterizing the fluctu-
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ations of averaged current in this SMJ is the zero fre-
quency shot noise S0, which can be calculated by the
definition: S0 = [S˜LL(0)+ S˜RR(0)− S˜LR(0)− S˜RL(0)]/4,
where S˜ηη′(0) is the symmetrized noise power density at
zero frequency. In Fig. 7(a), we plot the zero frequency
shot noise S0 as functions of bias voltage V at different
values of coupling constants g. It is observed that when
the chemical potential of the left lead moves above the
dot level (eV ≈ 2ǫ˜d = 3.0ω0), the shot noise increases
rapidly as well as the tunneling current(shown in Fig.
6(a)). When the chemical potential difference between
the leads reaches the threshold value to excite the vibra-
tional mode in the molecular junction, phonon effects on
the shot noise are observed in Fig. 7(a). It is interesting
to find that the shot noise contributed from the inelas-
tic tunneling processes is negative, resulting a sudden
suppression of shot noise at threshold values of voltage.
This kind of negative contributions to shot noise has also
been obtained in our previous calculation based on bare
phonon approximation.23 In a recent experiment on Au
nanowires41 with weak electron-phonon coupling, similar
negative contributions of inelastic shot noise were ob-
served, and they were ascribed to coherent two-electron
tunneling processes mediated by phonon emission and
the Pauli exclusion principles.16,41 However, it should be
noted that the systems consider in this paper are molec-
ular junctions with Γ ≪ ω0, instead of the Γ ≫ ω0 case
in the experiment on Au nanowires. In Fig. 7(a) we find
that the negative corrections of noise are most evident at
intermediate values of electron-phonon interaction and
will be smeared out in the strong coupling regime. It is
also noted that the positions of the sudden suppressions
on the shot noise are slightly shifted for the systems with
different EPI strength g, as a result of the renormalized
phonon frequencies induced by EPI being different. An-
other useful quantity to characterize the strength of noise
is the so-called Fano factor F , which is defined as the ra-
tio of the shot noise to the Possion value, F = S0/2eI. In
Fig. 7(b) the Fano factor vs. the bias voltage is plotted.
The large Fano factor in the low bias voltage region is
unphysical, which is due to the inaccuracy of numerical
calculation, since the magnitude of current is very small
in this region. Therefore, in general, the Fano factor is
less than one. One interesting feature in this electron-
phonon coupling system is that the Fano factor F ex-
hibits rich oscillating structures as a function of the bias
voltage. Several downward jumps of the Fano factor in
conjunction with upward steps of current are observed
due to the opening of new inelastic tunneling channels.
In the large bias voltage limit, the Fano factors approach
to 1/2 , which is in accordance with the Fano factor of
a resonant tunneling model for a symmetric tunneling
junction.
The current noise spectra for the left and right leads at
different bias voltages obtained by self-consistent calcu-
lations are given in Fig. 8(a) and (b), respectively. The
overall features of these nonsymmetrized noise spectra
are similar to the results shown in Fig.3, where an equi-
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FIG. 8: (Colour online) The nonsymmetrized noise spectra
for the left and the right leads in the nonequilibrium case at
different bias voltages. Here, the self-energy of phonon GF
is taken into account by a self-consistent calculation. The
energy level ǫ˜d = 1.5ω0 and the EPI strength g = 1.0.
librated bare phonon approximation is assumed. One
sees that in low bias voltage case, only absorption noise
spectra in the positive frequency region are observed. As
soon as the Fermi level in the left lead is aligned with the
dot level, the tunneling current increases significantly,
and the emission noise spectra in the negative frequency
region becomes evident. Some signatures on the noise
power density due to inelastic electron tunnelings with
phonon emissions can still be observed in this calculation
with the phonon self-energy taken into account. How-
ever, the inelastic tunneling signatures on the noise spec-
tra are not as distinct as the undamped phonon case
shown in Fig.3.
VI. CONCLUSIONS
The finite frequency current noise and the ac con-
ductance in a SMJ have been investigated in this pa-
per based on a self-consistent perturbation theory. We
show that the study of the self-energy and the damp-
ing effect of vibrational degree of freedom involves in
the calculation of the current fluctuations and the noise
spectra in the system, therefore, these physical quantities
have been obtained concurrently and in a self-consistent
way. The functional derivative with respect to the time-
dependent counting field defined on Keldysh time-closed
contour provides a convenient tool for calculating vari-
ous current-current correlation functions, which is in the
same spirit as the counting field approach to the cal-
culation of the zero frequency shot noise and also the
other high order culmulants of current in charge trans-
port through junctions. We have investigated two dif-
11
ferent situations theoretically: At first, we assume the
bare phonon GF and the equilibrium phonon approxi-
mation, It is shown that both the absorption noise spec-
tra and the ac conductance in the linear response regime
exhibit pronounced features of inelastic electron tunnel-
ing effects. In the out of equilibrium case, the emission
noise spectra in the drain side of electrode show evident
characteristics of phonon emissions. Secondary, the un-
equilibrated phonons taking into account the self-energies
case is considered. There are significantly softening of the
vibration frequency of phonon due to the interaction ef-
fect and the phonon damping effects with increasing the
bias voltage. The phonon occupation number becomes
large in the presence of a large bias voltage, indicat-
ing the heating of vibrational modes in this molecular
junction. The absorption and emission noise spectra also
exhibit some features of the inelastic electron tunneling
effects in this case. Recent experiments on the molec-
ular junctions made of single-walled carbon tubes have
shown strong electron-vibron coupling and high quality
factor of the vibrational mode.42,43 We may expect the
results obtained in this paper on the inelastic features of
the finite-frequency noise spectra and ac conductance can
be probed by future experiments on such kind of SMJs
with on-chip detecting techniques.
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